A simple, but e ective, method of calibrating a multi-manipulator robotic system is introduced. The algorithm uses precisely machined calibration plates which are inexpensive to manufacture and requires no measuring instrumentation. The kinematic model parameters are solved by taking advantage of the fact that the homogeneous transformation around a closed chain equals the identity matrix and describing the problem as a constrained minimization problem which is solved by well-known methods. The method is tested on a dual-arm system which resulted in an order of magnitude reduction in the pose error. Coordinated dual-arm manipulation experiments are conducted using the calibrated kinematic model to validate the usefulness of the calibration process.
Introduction
When multiple manipulators manipulate a common object, it is critical that each manipulator end e ector move accurately to commanded locations in the workspace. The position and orientation of the end e ector is referred to as the pose 1]. Pose errors may make it di cult to achieve the desired grasp on the object. Furthermore, once the grasp is achieved, pose errors can exacerbate the force-control problem since manipulators are typically quite rigid and pose errors may induce large internal forces in the system. Kinematic calibration of each manipulator with respect to some world coordinate system becomes an important issue.
The kinematic calibration of a multiple-manipulator systems can be decomposed into two distinct subproblems. One subproblem is the calibration of the parameters in the kinematic model of each manipulator with respect to its base frame. The second subproblem is the calibration the transformations between each robot's base frame and the designated world frame in which the object trajectory is speci ed. Manipulator kinematic models have been calibrated using a variety of measurement technologies such as theodolites, laser interferometers, coordinate measuring machines, acoustic sensors, optical sensors, and wire potentiometers 1, 2, 3]. The basic approach to calibrating a manipulator is: Previously published data for the PUMA 560 kinematic model 6, 7, 1, 3] will be used in this application, but the parameter vector could easily be extended to include each manipulator's model parameters. The approach taken is similar to the method of Bennett and Hollerbach, but with some modi cations to resolve some practical problems with the implementation.
Furthermore, rather than use linearization and iteration to solve for the parameter vector, the problem is formulated as a nonlinear optimization problem and well-known methods used to solve it.
Calibration Method
The calibration method requires the two PUMA 560 manipulators form a closed kinematic chain. One possible way to accomplish this is to make an initial guess for the base-tobase-frame transformation, place both robots under active control employing some form of impedance or force control, command them to move into position to form a closed chain, bolt the end e ectors together, command the manipulators to move through a set of poses, and record the joint information. Since the objective of the calibration is to reduce kinematic errors which exacerbate the force-control problem, this method seems somewhat akin to putting the cart before the horse. Another alternative is to take advantage of the FREE mode of the PUMA manipulator. When placed in the FREE mode, a joint becomes completely free swinging and can be moved manually. With this method one would use VAL (the control system and language that comes with the PUMA) to move the end e ectors into position to form the closed chain, bolt the end e ectors together, put all of the joints in the FREE mode, manually move the manipulators through the di erent poses, and record the joint positions. This has the disadvantage in that it takes a minimum of two people and quite possibly three -one for each robot and one to record the joint positions. Furthermore, VAL will reassume control if a manipulator moves beyond joint limits speci ed in the software which may result in damage to the manipulators since they are bolted together.
A third alternative is to form the closed kinematic chain without bolting the manipulator end e ectors together. This alleviates the disadvantages of the previous methods, but does require that the operator manually align the end e ectors which may introduce errors in the calibration process. This third method was chosen to perform the calibration. To aid in the alignment, two calibration plates each 8x8 inches square were fabricated with a tolerance of 0:001 inches as shown in Figure 2 . During the alignment process integral control was disabled so as not cause excessive internal forces in the system. The calibration set up is shown in Figure 3 .
One primary objective of the calibration is to determine the homogeneous transformation between the two base frames: (1) where o2 R o1 is the rotation matrix describing the orientation of the PUMA 1 base frame in the PUMA 2 base frame coordinate system and o2 p o1 = 2) is the position vector from the origin of the PUMA 2 base frame to the origin of the PUMA 1 base frame. We need to represent o2 T o1 as column vector so that it can be included in cos ( 2 ) sin ( 2 ) degrees with respect to each other so avoidance of singular representations is critical. To convert from the rotation matrix to the quaternion, the method described in 8] is used. This method is robust with respect to numerical di culties.
For each PUMA manipulator the kinematic model parameters shown in Table 1 T o1 = f( ) (5) where i T j is the homogeneous transformation between the jth and ith frames. o1 T o1 is a continuous function of the parameter vector . When the kinematic model of each manipulator and o2 T o1 are known perfectly, o1 T o1 = I 4 where I n is the n x n identity matrix.
The following error function which represents the overall error for the n measured poses is ? I 4n (6) where o1 T i o1 is the computed homogeneous transformation around the closed chain for the ith measured pose and k k is the l 2 induced matrix norm or maximum singular value when the argument is a matrix. The kinematic-parameter vector, , is identi ed by solving the constrained minimization problem: min e subject to:
k o2 q o1 k = 1 (8) where the equality constraint comes directly from the de nition of the quaternion.
The algorithm is summarized as follows: 
Calibration Results
The calibration plates were a xed to the end e ectors and the manipulators moved through a series of fteen poses carefully aligning the plates at each pose. One such pose is shown in 
The kinematic-parameter vector, , was incorporated into the kinematic model used in the internal force-based impedance controller and the manipulators moved to three di erent poses in the workspace. The approximate positioning error as measured by the error in the distance between the end e ectors before and after the calibration process is given in Table   2 . The calibration process was successful in reducing the positioning error by an order of magnitude.
Experiments were conducted on the dual-arm system by bolting a rigid object to the force sensors attached to each end e ector. The manipulators were then commanded to move the object through a trajectory while squeezing it with a force of 20N. The experimental setup Figure 5 and the experimental results plotted in Figure 6 . Excellent motion tracking is achieved while maintaining the desired internal force. Small steady-state errors exist due to errors in the kinematic model, but these are substantially less than what could be achieved without the calibrating the system.
Conclusion
A simple, but e ective, method of calibrating a multi-manipulator robotic system has been
presented. The method was tested on a dual-arm system which resulted in reducing endpoint positioning errors by an order of magnitude. Experiments were conducted using an internal force-based impedance controller which demonstrated the usefulness of the calibration method. 
